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e The problem: study the electrostatics for macromolecule in
mobile ionic solution

e Numerical issue: less accuracy on electronic force due to
- singular point charges
— Interface problems
— open domain problem

e Treatments of singularities
— singular charges: multipole method
- Interface problems: jump condition capturing method
-~ open domain problem: coordinate partching

e Numereical examples



e Elliptic Interface Problems

e Coupling interface method
- 1d: CIM1, CIM2
- 2d: CIM2
- d dimension
— Hybrid CIM
— Numerical validation

e Application to the Poisson-Boltzmann equation:
— Treatment of complex interfaces



m Motivation:

understanding functions of macromolecules in
solutions

drug design
m Goal : study corresponding electrostatics



m macromolecule: a structured and polarized clusters of
atoms

m [onic solvent: a continuum ( Debye and Huckel 1924)

Solvent 4 o= Mobile Ions

Ion-exclusion layer




Biomolecule In solvent
Poisson-Boltzmann model

Macromolecule: 50 A

Hydrogen layer: 1.5 — o]
3A o

Molecule surface: thin |

Dielectric constants:
— 2 Inside molecule
— 80 In water

a hydrophilic protein (PDB ID:1DNG)



Equations

« The Poisson Equation
—V - e(2)Vo(z)] = K(z)(p+ + p-) + 47Q(z)

e Boltzmann distribution

m=@9w0§ﬂ
= () e (6

wpere .
Q(z) = Z g:o(z — ;) ¥ ¢(a) the dielectric parameter,
i=1 % €. the charge of an electron,
< (z) = €1, « €, * kp the Boltzmann constant,
) &, zEQ U * T the temperature,
K(z) 0, €Uy, * x;the atomic location,
€r) =
L k2, x € Qs, x ¢; the atomic partial charge,




[Brief Review ]

Previous numerical methods (from late
80 to now) for PBE can be classified

INto
= Finite difference methods
» Finite element methods

= Boundary element methods

mReview article: B.Z. Lu, Y.C. Zhou, M.J. Holst, J.A. McCammon, CiCP 2008



[Numerical ISsues

less accuracy on electronic force due to
= singular point charges

= Interface problems (discontinuity of
dielectric function)

= open domain problem



Treatment of point charge
singularities

separate singular part

¢=9¢+¢.
where
a(m) — ‘335*(3:) + ‘i’ﬂ(m) T < Q1
0 T < Qg U Q3 -
and ¢* is the potential in the free space induced by @), i.e. @Y is a harmonic function in €2, satisfying
]_Z 1 ;IfER3 AéU:O ian
o (x) = < '5147T|33_33v| . ¢U: —¢* onI}.
— ——log —z|), x¢€R? _
Z ) The introduction of ¢° is to force [¢] = 0 across I'y.

The correction potential satisfies

V- (el@)Vé(@)) + K () sinh($()) = [e,]r,r,

Thus, the point charge singularity is transfered into surtace sin-
gularity.



Damped Newton’s Method

-V (E(.’E)VUE) +K (z) cosh(¢')v' = V- (E(J’)VCBE) ~K(zx) Sinh(ﬁf)g)‘k[ean}ﬁ

quHl _ qgl + UE (1)
Since the direction v" is indeed a descent direction for the func-
tional F(¢),

E(¢' + Nol) < E(¢") for small A' > 0,

we can accelerate the convergence of the Newton’s method glob-
ally by performing a line search to find a suitable damping pa-
rameter A’ that minimizes E(¢' + Av') and replace (1) by

A~ A~

¢H—1 _ qbf 4 )\Z'UE.



Treatment of surface
singularities

In nonlinear iteration, we need to solve the following linear
Poisson-Boltzmann equation:

V. (e(a“:)ng(m)) + H(x)d(x) = f(x)+ kdr,, . (2)

where €(x) is discontinuous across I'y, and H(x) and f(x) are
discontinuous across [';.

® the jump condition capturing scheme
® skew variable



Jump condition capturing
scheme

® 1-D Case

— uniform grid

Ui+1

— interface is on the grid

— The 1-d equation with singular source

— i i1 (e(x)u) = [+ ké(z — ;)

is discretized by

() ()
o\Jit T Ji-) T a5
— truncation error
* O(Ax?) off the interface
% O(Az) on the interface

— global error O(Az?)




Jump condition capturing
scheme

® 2-D Case: (A wrong approach)

L i . u£+1aj _H‘.?:,j — , . uivj_ui_laj
Az (E""H/Q:J ( Az ) €i-1/2, ( Az ))
1 (= Wij 1= Ui\ = Wi —Uijj—1
Tay (Ez=j+1/2 ( Ay ) €i,j—1/2 ( Az
I Y o k
=5(firj + ficj) + 2

— € j+1/2 18 not defined.

" _ The local truncation error is O(1).

_____________________
B

‘?_L«,j,j —
Interface



Jump condition capturing

scheme

® 2-D Case: (Aright approach) --- Use skew variable

e Ui~ Ui-1,j-1
) 63—1/2,3—1/2( A ))

(i—l,j—l—lrsg .

Uit lj41 i

S .
An (EHI/?,J—}-I/Q( A

Ui, 41 i

+A+?2 (Ei—1/2,j+1/2 (

Ang

L _ Uj j—Ui41 51
) €a+1/2,3—1/2( A7 ))

= 2(firy+ finj) + k(fm T fﬂ?)

(i-1,j-1) L=

A
G 1,+1)
\\X\ /X/
Leh .
/X(, \\X\
IS (i+1.j-1)

9,

81}1

(

ou
€—
81}1

)

[+ kdlr,

N 0 ( 8u)
— | e—
87)2 81)2



General Case

Let us denote by (€1, £?) the variables in the computational
domain, X (£',£6%) € R? the position vector in the physical
space.

we define

| AL A
Ve By
,  EAL AL

V(AL + (AL

, 2AEAQ

&1: constant

o A7) = An” =
e S e + (M)



finite difference discretization In
the skewed variable

0,(ev/300.0) +\/3H(2)6 ~ /i

g = (V" Vi’ )
. 0X 0X,
Guv = anﬂ}any
g= det(@;w)
0X AL AL 0X
Vi= et =5 (36 36 )

oy 1o g

G"7 Gy, = 0l



finite difference discretization In
the skewed variable

the jump conditions can be incorporated into the following
finite difference discretization

/(E\/_QII?I)HE J+g(¢7+1 J+1 — Q"‘? j‘) (E\/g’_hgily,l)i_gj (qﬁ? io] 5 ~1,j- 1)\

L HeVma iy Giin — Gir) — (VB gy (Girs — b))
(An)ﬁ (E\/_g 1) _233_1_?(‘?5? J+1 ‘?5? 1_?) (E\/Q_g l)H_Ej %(‘%’Hlj ¢’?j 1)
C(E\/ﬁﬁ'ﬁg i1y (Bimrier — 0ij) = (VGndR)iny -1 (D1 — Pivny 9

(9n); ;(fij — Hijbij)
At the interface, the right-hand side is replaced by

V@ (Wins+ i) = YHis o+ He )

+ terms involving [¢] and [eg,)]
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) (G+1,j-1)

(i-1,j-1) L=~

finite difference discretization In
the skewed variable

((.@h)ll)vj+%,j+%

<D1Xi+%.-j+1’ DlXH%JJri
<X§+11j+1— i.j Xi+1,j+1_ ‘hj)
An 7 An

Y% The local truncation error is O(An) on the interface and

O(An?) elsewhere.

* The resulting flux function is 2nd order accurate, even on the

interface.

* The symmetry and positivity of this discretization is essen-

tially unconditional.



e Step 1 Evaluate the free space Poisson kernel ¢*(x) and
¢*(x) for & € T'; (by multipole method).

e Step 2 Evaluate ¢ (z) for z € T'y by solving the Laplace
equation in € so that ¢ = 0 on I'y.

e Step 3 Compute the correction potential QAS by the damped
Newton’s method. The resulting linearized Poisson Boltz-
mann equation is discretized using the jump condition cap-
turing scheme. The initial trial of gB of the iteration is set
to be zero.
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Figure 5: The shape of the macromolecule for Example 1

Numerical experiments

Pammeters: K'=2 s =2 "= &0, n=32n, =9

of8.
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Computed Solution

Figure 6: Computed solution for Example 1
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e Example 1

In this test example, 27 is given by a star-shaped region
(Fig 2-3) r < 50 % (1 + 0.2 cos(40)) with the exact solution:

[ 0.1exp(z/2)cos(y/2) inside I'y
(@, y) = { 100 exp(—&//€ar) outside I'q (15)

We take %2 = 2.0A2, which corresponds to the ionic
strength I, = 0.2357. The result is listed in Table 1.

n, X ng | L> error in ¢ | order | L* error in € ¢, | order
14 x 32 6.066E-03 — 1.214E-01 —
23 x 64 2.253E-03 | 1.429 6.372E-02 0.930
41 x 128 | 6.315E-04 || 1.835 1.747E-02 1.867
77 x 256 | 1.810E-04 || 1.803 4.097E-03 2.092
149 x 512 | 4.841E-05 | 1.903 9.481E-04 2.112

Table 1: Error and order of accuracy in ¢ and the flux for Example 1.




Numerlca‘ experiments

e Example 4

In this example, we perform an actual simulation on the
Poisson-Boltzmann equation. The interface is the same as
in Example 3. Here we take &2 = 1.27A~2 and C = 15, 000.
In case (a), we put six charges with alternating sign corre-
sponding to z; = 1. In case (b), z;’s are randomly chosen

between £1 and sum to zero. The results are plotted in
Fig 9-11.

bbb 4

_100 " " " | N
-0 =0 -m 40 - o 20 40 = 80 ;|

Figure 5: The shape of the macromolecule for Example 1



"

Pammeters: K" =1.27, C = 15000, ™= 2, " = &0, n=32,n,=96

-100 100

Com puted solution truncated

Figure 12: Computed solution for Example 4a



"

Computed solution outdside of (including | the interface

-100 100

Figure 13: Computed solution outside of I'; for Example 4a



"

Computed solution cutdside of (including ) the interface

=100

Figure 15: Computed solution outside of I'; for Example 4b



1. Point charge singularity Is resolved by
Green’s function and a harmonic function

2. Surface singularity is solved by jump
condition capturing method with a skew

variable

3. The resulting linear system is symmetric
and positive definite, standard fast
solver can be adopted

4. Second order accurate for electric field



" S
Part 2: Coupling Interface Method for
Elliptic Interface Problems

— V- (e(x)Vu(x)) = f(x), x € Q\T,

lul =7, [euy) =0 onT,

u=g on 0.

e and u are discontinuous,

fis singular across I

o)9)



Three classes of approaches

m Boundary integral approach
m Finite element approach:

m Finite Difference approach:
Body-fitting approach

Fixed underlying grid: more flexible for moving
iInterface problems



" I
Regular Grid Methods for Solving

Elliptic Interface Problems

m Regularization approach (Tornberg-Engquist, 2003)
Harmonic Averaging (Tikhonov-Samarskii, 1962)
Immersed Boundary Method (IB Method) (Peskin, 1974)
Phase field method

m Dimension un-splitting approach
Immersed Interface Method (lIM) (LeVeque-Li, 1994)
Maximum Principle Preserving [IM (MIIM) (Li-Ito, 2001)
Fast iterative [IM (FIIM) (Li, 1998)

m Dimension splitting approach
Ghost Fluid Method (Fedkiw et al., 1999, Liu et al. 2000)
Decomposed Immersed Interface Method (DIIM) (Berthelsen, 2004)

Matched Interface and Boundary Method (MIB) (YC Zhou et al.,
2006)

Coupling interface method (CIM) (Chern and Shu 2007)



"
Coupling Interface Method (CIM)

m CIM
CIM1 (first order)
CIM2 (2nd order)

Hybrid CIM (CIM1 +
CIM2)

for complex interface
problems

m Augmented CIM

Auxiliary variables on
Interfaces




" S
Numerical Issues for dealing with
Interface problems

m Accuracy: second-order in maximum norm.
m Simplicity: easy to derive and program.

m Stability: nice stencil coefficients for linear
solvers.

m Robustness: capable to handle complex
Interfaces.



" A
CIM outline

m 1d: CIM1, CIM2

m 2d: CIM2

m d dimension

m Hybrid CIM

m Numerical validation

m Application to the Poisson-Boltzmann
equation



CIM1: one dimension o

[ u () = u; + (u) +1X2( — ;)

| wt (@) =i+ (W) ol — i)

forr, <z <ux

(141 — Bh(u )z+1f2) (u; + ah(u') +1X2) ~ T

5+(“‘ ):S,H‘)_E (u i1 = O

('u-f)?;_l/g = }—t (,5+(-u..f_+1 —w)—pT — %’h—) + O(h)
1
(-ti,");:l/g = 7 ({j_(qu u;) —p T+ ah—) + O(h)

forz <ax <x;q.



CIM2: One dimension @ o e

m Quadratic approximation and match two grid

u; — u; 1, 1, L
we(xr) = wui+ L + —hu; | (& —xi) + zu (z—x)” + fJ{h,‘i]._
f 2 2 =
Wigos — g1 1, 1 2 . (B3
.”."{J'I.] - "”,|'| 1 T h_ - Eh-'ul;l 1 {J.' - .'f.'l,'| l.] T+ I_—'-I'Il,'l l{;[' - .'f.'l,'| l.] T f.}{h. ]

m Match two jump conditions

N r Ea

wp(2) —ue(z) =7, etul(z) — e up(z) = o,



CIM2: One dimension

1
no { ()
u o= (L< Jui + J. ) + O(h)
1 r
= LDy + J) ) + O(h),
hQ
LY Up = Qi U1 T G oU; + G 1Ujr1 T Q5 2Uj19
Uj1 - Ajp1,—2Uj—1 T Ajp1,—1U; T Ajp1,0Uj41 T Aj41,1Uj42
T o
](F) — Qi 7 + Qo
’ X " Eh
(T) T o)



"
CIM2: 2 dimensions

Stencil at a normal on-front points (bullet) (8 points stencil)

- ® xe L ® @® x e ®

(a) Two dimension: 2 cases

Coupling Interface Method




CIM2 Case 1:

Coupling Interface Method




CIM2 (Case 1):

m Dimension splitting approach

1
Ugz = 33 (Lu + a,[u]

L=

Uij — Wi,

h

Ui j4+1 — U j—1 Ui—1,541 — Ui—1,5-1 2
1 ((1 + o) 2t LTl It — ) ty + O(h*)

1
+ (5 + fx]hum) ly

2h 2h

1 1
— }—T’U, + h (5 -+ ﬂ) tollgy + O(h’g)
l

Coupling Interface Method




CIM2 (Case 1):

/ Bounded by 1 and e */ ¢".

1 1
(1 — (5 - of)attm) Uy = — (Lu+a/Tu+J)

h?

y = ”-t:r(p+ _p_)tﬂf} pi — g;:t/éﬁ

,} — ”’T[?’L]I} + ﬂ-gh ([Eﬂ;n]nm _|_ ,ﬂ+[?«f*£]tm)

&

Coupling Interface Method




CIM2 (Case 2).

“]q
Eln|q

Uﬂq

Eg:189.5q

=3
W
=3
W
e
AY
Y
Y

¥

),

' P F
(nZ, %)

Coupling Interface Method




"
CIM2 (Case 2).

m Dimension splitting approach
Upy = hig (Lmu + arplulp + aa,ph-[g;:]p ' + O(h) o
, 1 : f Elly]g )
tev T e (L“”’ tanalely Tazah 2 T YO0y ey & i

m Deco ition of jump conditions

Fuzlp| = [eun]pnt + (E;; [ ]p + (ﬁ; — &, Nuy )p) (t2)

(g )q)| ()

cuyly | =  [un] ri”‘g + (f;_ ] +

m One-side interpolation

Wi j— Wi 1 Wi j— Wi 1 Ui j— Wio1, j1 1
(u; )p| =2 (# +{§ —I—rtﬂ]hu”> th + ({1 + np]f — ap A + Eh-uw) th
Wi = Ui ; 1 . Wy g — Wi q g Wy g — Wi j 1 )
(g ), | =~ (’T‘Il +{§ +n_,|,].lrr;:.:_h.y> by + ({l + ) "Tl" T l fr, =Fimb S E.I'm“.) td

The second order derivatives are coupled by jump conditions

Coupling Interface Method




CIM2 (Case 2): results a coupling matrix

M

(T, Lyu+ ap pTpu+ J,
Uyy Lyu+ a; 4Tyu + J,
1= (5+ ap)ag pth - lﬁat,ptg
— liahqtg: 1— (% + aq)t%

Ao p(py — Py )5
asq(pf — py )td
at g2

“p /C‘P

af f 2
Sq /C’Q

arplulp + asph (

arqluly + agqh (

\ Theorem: det(M) is positive when
local curvature is zero or h is small

[Eun}png + p;[’ut]ptg)
p

: m,

—
w)
=

(v

;"} Lnd + p;[m]qtg)
a

Coupling Interface Method




" A
CIM1: d dimensions

m Dimension splitting approach

- 1 1 [eVu - eg]x,
{%-‘u (x + Eh,ek} A A (,JL (u(x + heg) —u(x)) — ,6;; [u]x o B, h T+)

; 1 1 [EVu - ex]x,
E%u (x — Ehek} o (ﬂiﬁ_ (u(x) — u(x — hey)) + p;_[ulz, — Bi_ hT_)

m Decomposition of jump conditions
[eVu - er]z, = [eVu-nglz, (ng - ep) + [eVu - tr]x, (tr - ex)

= op(ng - ep) + (&7 [Vu - tilz, + (65 — &)Vu™ (k) - tr) (tr - ex)

m One-side interpolation

o j=1k: %u—(iki) Ry %u(xi %h,ek)
() :
itk 0 gy =] B if 7jpg + 7y <2
L a - 1 .
O ; 51U (x £ ghej) if Vj+l + Vj—L = 2

M



" I
CIM2: d dimensions

m Dimension splitting approach

[eVu - ez,

0? 1
a:rg“(x) — 72 (LEH’M(X) + mT:k[u]ik + S mggkh
1 )

) +o

Ek

m Decomposition of jump conditions
[eVu - erlz, = [eVu-nilz, (ng - er) + [eVu - tilz, (tr - er)

= o, (ng - e) + (é\;:[Vu trlx, (éf — &, )Vu™ (X) -tk) (tr - ex)
m One-side interpolation
Vau~ (i;) . t—j;

1 1 52 1 d 5?2
= ETEH(K) + h Sk[i + {.}:Jr_'-)[itk . Ek} = .H_[}[) - E Z 8 (tl . Ej)—.;.ﬂ-li}[)

J=1, 5%k J



CIM2: d dimensions, coupling matrix

M (57u(x) = L (Lu(x) + Tu(x) + 1),

{l—a;b(‘}—l—ka)m,;b(t;b er) j==F
M j

—1§ SkAt j tk Ej) j ?é k:
L = (Lla'“ :Ld)T:
T = (sia Th, -, saa0.4Ty)"

J = (Ji,--,Jy)".



" S
Complex interface problems
Classification of grid

m Interior points (bullet)
(contral finite
difference)

Nearest neighbors are
In the same side

m On-front points (circle
and box)

Normal (circle) (CIM2).

Exceptional (box)
(CIM1).

@ L] e L] ® ® L ® L] @

e o ¢ O e o QO 0O o o



" S
Classification of grids for complex
Interface (number of grids)

m [nterior grids: o(h™)
m Normal on-fronts (CIM2): O(h*®)
m Exceptional (CIM1): O(1)

m The resulting scheme is still 2nd order



" A
Numerical Validation

m Stability of CIM2 in 1d

m Orientation error of CIM2 In 2d

m Convergence tests of CIM1

m Comparison results (CIM2)

m Complex interfaces results (Hybrid CIM)



" S
Stabllity Issue of CIM2 in 1-d

Let A(ar, N) be the resulting matrix.

Kl T T T T T T T T 5
=0.1 e —— T — — — — _I'u
T4l “ .______.---"' ——— — 481
- \ =00
: asf |
g ) % | . '\,\_ Y
g 70 / 1 £ ' \\'
5 / 5 N\
@ / / E a4pr WS
£ /// 5 \\
Iy | - .
E 8B I/ i N
fd 2 45 h -
'/ N
i
&8 e
[ [a=00 —
e - . AT - AT AT
(a) Minimal eigenvalue Ay, in (a, N) (b) Scaled condition number condA(a, N)/N=

Insensitive to the location of the interface in a cell.



" B
Orientation error from CIM2 Is small

-5
50 x 10 |

215

21 -

205+

maximum error
Mo

N
1.95
19 F
1.85
1.8 L
0 10 20 30 40 50 60 70 80 90
0

Insensitive to the orientation of the interface.



Comparison Table (for CIM2)

Method | EJIIM [49] MIIM [30,8] DIIM [5] JCCS [48] MIB [53]

Year 2000 2001,2003 2004 2004 2006
Example 3 v v v
2D
Example 4 v v

3D  Example 5 v




"
Example 3 (for CIM2)

ol
e(z,

el

fle,

)

y)

Y)

y)

r—0.5, Q= {(z,y)|¢(x,y) <0}, O ={(z,y)|¢(z,y) > 0},

*.L"

4,!2+ r2 + 0.11log(2r))/b— (0.5* /2 + 0.5%)/b + 0.5
_ 8?2 —

II’1—+—:-“' (z,y) € 0~
10 e
{

(z,y) € 0~

(x,y

) e O



xample 3, figures

(a) Exact Solution: b= 10 (b) Exact Solution: b = 1000 (¢) Exact Solution: b = 0.001

| b= 10 (&) |u—ue|: b= 1000 (£) |u—wue|: b= 0.001




Example 3, Comparison table 1

CIM DIIM EJIIM MIIM
n | CPU ||Vu = Viuelloor [t — te]|so = twelloe | ||t — tel| oo | ||t — tel| o
20 | 0.00 1557 x107*  1.259 x107* | 5.378 x 10~* | 7.6 x 10~* -
40 | 0.02 4714 x107* 2565 x107' | 1.378 x 1071 | 24 x10~* | 4.864 x 10~*
80 | 0.17  1305x10™* 5215 x107° | 3.470 x 10~° | 7.9 x10™® | 1.448 x 10~*
160 | 0.74  3.462x107*  1.142x107° | 8.704 x 107 % | 22 x107° | 3.012 x 1077
320 | 3.65 8948 x10™° 2725 x107% | 2177 x107¢ | 5.3 x10~¢ | 8.226 x 10~°
640 | 1586 2276 x 10~  6.740 x 107 - - 2.060 x 106

Table 2: Example 1: b= 10




Example 3, Comparison table 2

CIM DIIM MIIM

n | CPU  |Vu— Vuel|ewr  |Ju—telloe | |Ju—1telloe | ||t — el
32 1 0.04  6.841x107°  2.732x107* | 2.083 x 107 | 5.136 x 10~*
64 | 0.19  1920x10™*  3.875x107° | 5.296 x 10° | 8.235x 107°
128 | 1.03 5156 x107* 5337 x107% | 1.330 x 10=° | 1.869 x 107°
256 | 4.84  1.345x107*  7.241 x 1077 | 3.330 x 10=¢ | 4.026 x 10~°
512 | 22,52 3463 x10~°  9.891 x 108 - 9.430 x 1077

Table 3: Example 1: b= 1000



Example 3 for CIM2

CIM DIIM MIIM
n | CPU  ||Vu— Vue|loer ||u— e oo |t — || oo
32 | 0.03 8.030 x10°  4.278 x 107! | 4.971 x 10° | 9.346 x 10°
64 | 0.18 1.820 x 109 1.260 x 10! | 1.176 x 10° | 2.006 x 10°
128 | 1.03 4658 x 107" 3.773 x 1072 | 2.900 x 10~! | 5.808 x 10!
256 | 5.3 1.254 x 1071 1.365 x 10~2 | 7.086 x 10~2 | 1.374 x 10!
512 | 23.48 4141 x1072 2446 x 1073 - 3.580 x 1072

Table 4: Example 1: b= 0.001



"
Example 4 (for CIM2)

¢la,y) =

2
1;/%,) (103%) -1, O = {(z,y)|ox,y) <0}, Q7 = {(z,y)|¢(x,y) > 0}

e (x,y) €N

e(x,y) = (e.y) € O

Se— v /2 (z,y) € QF

=

(z,y) € 0~

fx) =
—be~* V2 (=3 + da? +y?); (w,y) € QO

{

( e’ cosy (x,y) € O~
ue(z,y) = i

{



xample 4, figures
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0.3

(c) |u—tte|: e~ =10, T =1 (d) |u— uel: e~ =1000, e =1
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Example 4 (for CIM2)

CIM MIB JCCs
n Total time ||v’”4 - T-""EL,_:Hm__r ||” - “HH o0 ||” - ’“HHm ||’“ - ”HHm
20 0.01 2.280 x 1072 4.067 x 107% | 2.659 x 1072 | 1.755 x 1072
40 0.03 8.068 x 107  6.171 x 10~* | 5.206 x 10™* | 4.961 x 10~*
80 0.19 3.164 x 107%  1.682 x 10~* | 1.487 x 10~ | 1.352 x 1073
160 1.13 9.935 x 107*  3.975 x 107" | 3.746 x 10~* | 3.548 x 10~*
320 6.20 2.293 x 107*  7.390 x 1079 | 7.803 x 10~° | 9.096 x 10~°
Table 6: Example 2. e~ =10,s7 =1



Example 4, Comparison table 2

CIM MIB JCCS
n | Total time ||Vu — Vuellsor |t — tel| 0o [t — o] o |t — el oo
20 0.01 1.551 x 10° 3.539 x 10~! | 9.130 x 102 | 2.803 x 10°
40 0.08 4.682x 107! 1.100 x 10~ | 2.764 x 1072 | 7.543 x 10!
80 0.41 8.966 x 1072 2.028 x 1072 | 7.524 x 10~3 | 1.940 x 10!
160 2.26 2.799 x 1072 6.462 x 1072 | 2169 x 10~ | 4.906 x 1072
320 7.29 6.343 x 1072 1.437 x 107 | 4.841 x10~* | 1.232x 1072

Table 7: Example 2: ¢~ = 1000, e = 1.



Example 5 (for CIM2)

m 3 dimensions

d(x,y,z) = r—0.5 O ={(zr,y,2)|d(x,y,2) <0}, O ={(z,y, 2)|¢(z,y, z) > 0}
{ 1+7% (z,y,2) € Q

e(x,y,z) =
b (x,y,2) € F

ue(x,y, 2)

(r /24 r2)/b— (0.5*/2+ 0.52)/b+ 0.5* (x,y,2) € QF
flwy,z) = —(10r" +6),

{ 2 (2,.2) € O



xample 5, figures

{a) Exact Solution: b =10 {b) Exact Solution: b = 1000

(d) |u — uel: b = 1000
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Example 5 (for CIM2)

7L

CPU

||V — Vg ||oor

CIM

[tta — te||oo [||ttel| .o Order

MIIM, 27 points

[ta — tel|se [||tte]|sa  Order

26
22
104
208

1.52
20.5
212
2355

1.005 x 102
3.685 x 1077
9.729 x 10~*
2.540 % 104

1.822 x 104

4.153 x 10°° 2.133
9.529 x 10°8 2,124
2.230 x 10-8 2.095

Table 10: Example 4: b=1

1.247 103
3.979 % 107 1.648
0.592 % 104 2.052
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Example 5 (CIM2)

CIM MIIM, 27 points
n | CPU  ||Vu— Vuellcor  ||tta — telloo/||ttel|cc  Order | ||[uwg — wel|loo/||ttel]] .o Order
26 | 1.45  7.174 x 1073 4.332 x 10~* 1.525 x 1072
52 | 19.14  2.693 x 10~° 9.240 x 10~° 2.229 5.240 x 1074 1.541
104 | 161 7.401 x 1074 1.636 x 1075 2.498 1.010 x 104 2.375
208 | 1867  1.979 x 104 3.330 x 109 2.297 - -

Table 11: Example 4: b= 10



Example 5 (CIM2)

CIM MIIM, 27 points
n | CPU  ||Vu— Vuelloor ||ta — welloo/||ttell o Order | ||[ug — wel|oso/||tte]| e Order
26 | 1.48  6.825x 1072 9.133 x 104 3.845 x 1073
52 | 24.54 2,594 x 1073 2.466 x 10~* 1.889 1.111 x 102 1.649
104 | 209 7.183 x 10~* 3.447 x 1079 2.839 1.605 x 10~* 2.791
208 | 3299  1.925x10~* 4.727 x 107° 2.866 - —

Table 12: Example 4: b = 1000
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Convergence tests for CIM1: interfaces

|
| ’/_’/"fi
I (=K}
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k] I 92 o0& o4 0O QO -0z 04 05 s -1
- ¥
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(b Ellipsoid (¢) Peanut

id) Donut () Popcorn
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Comparison results

m Second order for u and its gradients In
maximum norm for CIM2

m [nsensitive to the contrast of epsilon

m Less absolute error despite of using
smaller size of stencll

m Linear computational complexity
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CIM: Ingredients
m Dimension splitting approach.

m Decomposition of jump conditions

m Coupling: express tangential derivative in terms
of principal second derivative to reduce number
of interpolation points.

m Solvability of stencil coefficients



CIM:merits

m Accuracy: second-order for u and its gradients in
maximum norm with smaller absolute errors than other
existing methods.

m Simplicity: smaller size stencil, easy to program.
m Stability: nice stencil coefficients for linear solvers.

m Robustness: capable to handle complex interfaces.

Speed: linear computational complexity



Poisson-Boltzmann equation
—V[e(r)Vo(r)] + K(r)sinh(op(r)) = Q(r)

Qr) =N qi(r —r,),C = e
: T 1 i i)y = T LBT
1=
€1 ~ 1~ 2.,1?2 ~ 8[]..
5249.0 < €' < 10500.0, LT T e
_1 S '—}‘z E 1'.~ Mo?){a —
K = ions +

72 — 8.4869028074 °T.. . -
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Numerical procedure

m Construction of molecular surface (by MSMS)
m Treatment of singular charges Y gi(z — ;)

m Nonlinear iteration by damped Newton’s method
for the perturbed equation

m Coupling interface method to solve elliptic
Interface problem

m Algebraic multigrid for solving linear systems



« B
Construction of molecular surface:
MSMSK

Solvent molecule "~
(Probe) 7 \

Lt 5~

G

The interface calculated by computer software MSMS of molecule 1crn

with probe radius 1.4 and triangulation density 5.0.



Treatment of point charge singularities

separate singular part

=9+
where
a(m) — ¢'* ('T") + @U ('T") T € Q1
0 T < QQ U Qg .
and ¢* is the potential in the free space induced by @), i.e. @Y is a harmonic function in €2, satisfying
]_Z 1 ;IfER3 AéU:O ian
o (x) = < '5147T|33_33v| . ¢U: —¢* onI}.
— ——log —z|), x¢€R? _
Z ) The introduction of ¢° is to force [¢] = 0 across I'y.

The correction potential satisfies

V- (el@)Vé(@)) + K () sinh($()) = [e,]r,r,

Thus, the point charge singularity is transfered into surtace sin-
gularity.



Damped Newton’s Method

V- (e(@) Vo) + K () cosh(¢)o! = V- (e(2) V') — K () sinh (') + e, ]r,

(g).-f+1 _ qfﬂf;'{ + ‘UI (1)
Since the direction v" is indeed a descent direction for the func-
tional E(¢),

E(¢' + X' < E(¢") for small A > 0,

we can accelerate the convergence of the Newton’s method glob-
ally by performing a line search to find a suitable damping pa-
rameter A that minimizes E (¢! + A'v') and replace (1) by

QBHI — qgf 4+ )\E‘UE.



Numerical VaIidation—Artificial molecule

N  Newton iteration | [|[Vu — Vug|l.or order | |[[u— ue|lo order
10 4 6.572e-002 - 8.136e-003 -

20 3 1.378e-002 2.2538 | 2.025e-003  2.0064
40 3 3.115e-003 2.1292 | 4.901e-004  2.0467
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Summary of computing
Poisson-Boltzmann equation

m Ingredients: CIM + AMG + damped
Newton’s iteration

m Capable to handle complex interfaces

m Second order accuracy for potential and

electric field for molecules with smooth
surfaces
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